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Abstract

Muhammad Ridwan Murshed
HETEROGENEOUS ANISOTROPY INDEX AND SCALING IN MULTIPHASE
RANDOM POLYCRYSTALS
2017-2018
Shivakumar I. Ranganathan, Ph.D.
Doctor of Philosophy

Under consideration is the finite-size scaling of elastic properties in single and
two-phase random polycrystals with individual grains belonging to any crystal class
(from cubic to triclinic). These polycrystals are generated by Voronoi tessellations
with varying grain sizes and volume fractions. By employing variational principles
in elasticity, we introduce the notion of a ‘Heterogeneous Anisotropy Index (AY)’
and investigate its role in the scaling of elastic properties at finite mesoscales
(8). The index AY turns out to be a function of 43 variables, 21 independent
components for each phase and the volume fraction of either phase. Furthermore,
the relationship between AY and the Universal Anisotropy Index, AY is established
for special cases. Rigorous scale-dependent bounds are then obtained by setting up
and solving Dirichlet and Neumann type boundary value problems consistent with the
Hill-Mandel homogenization condition. This leads to the concept of a dimensionless
elastic scaling function which takes a power-law form in terms of AY and §. Based on
the scaling function, a material scaling diagram is constructed using which one can
estimate the number of grains required for homogenization. It is demonstrated that
the scaling function quantifies the departure of a random medium from a homogeneous

continuum.
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Chapter 1

Introduction

Recent advances in computational mechanics have dramatically changed
the landscape of engineering and science. The primary driving force is due to
a rapid decrease in the computational cost which is estimated as a billion-fold
reduction during the last 40 years (see Belytschko et al. [I]). In particular,
computational mechanics has led to technological advancements in several areas
including manufacturing, medicine, communication, defense, phenomena such as the

movement of tectonic plates and astrophysics of black holes (see Oden et al. [2]).

A fertile ground of research within computational mechanics is the multiscale
modeling of polycrystals. Such materials are widely used in engineering applications
as the need to develop novel microstructures with unique properties has significantly
increased (enhanced fracture toughness [3], high thermal conductivity [4], superior
electrical conductivity [5]). Polycrystals consist of a collection of single crystals with
individual grains belonging to any crystal class (from cubic to triclinic). When
these crystals are oriented randomly, collectively they exhibit an effective elastic
behavior that is isotropic upon ensemble averaging. However, despite advances in
contemporary micromechanics over the past several decades, it is still a challenge to
predict the effective properties of such polycrystals especially when the single crystals

are highly anisotropic.

This dissertation focuses on scale-dependent homogenization of elastic
polycrystals belonging to arbitrary crystal class. Homogenization is a widely used
technique in the multiscale modeling of materials in which the macro-scale laws and
the constitutive relations are determined by averaging over the micro-scale (see Mei
and Vernescu [6]). There are two key issues which arise in the homogenization of

random polycrystals: i) determining the apparent properties at finite length scales
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(micro, meso, macro); and ii) the approach to a so-called Representative Volume
Element (RVE). One powerful approach for estimating the effective property is
to employ the Hill-Mandel [7, 8] homogenization condition. In this approach, the
constitutive response of elastic polycrystals at finite scales is obtained by solving
Dirichlet and Neumann type boundary value problems that bound the response
from above and below, respectively. The microstructure is assumed to be spatially
homogeneous, ergodic and with increasing length scales, the microstructure moves
from a so-called Statistical Volume Element (SVE) to a Representative Volume
Element (RVE). The versatility of this methodology is evident from the fact that
it has attracted a great deal of interest over the past several decades within the
context of elasticity [9) [10], thermal conductivity [I1, [12], electrical conductivity [13],
thermoelasticity [14], I5], flow in porous media [I6], I7] and fracture and damage

phenomena in random microstructures [I8].
1.1 Key Contributions

The key contributions of this dissertation are as follows:
a) Obtain scale-dependent bounds on the elastic response of single phase and
two-phase random polycrystals.
b) Employ Hill-Mandel condition to obtain bounds on highly anisotropic single
crystals belonging to lower symmetry class.
¢) Introduce the notion of a scaling function and establish its functional form in terms
of the single crystal properties and the mesoscale.
d) Formulate the concept of a Heterogeneous Anisotropy Index, AY, using variational
principles in elasticity and tensor algebra in order to establish its relationship with
the scaling function.
e) Establish the analogy of scaling function to dimensionless numbers in continuum

mechanics.
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1.2 Overview of the Dissertation

In the subsequent sections, we consider the following:
a) Chapter 2 discusses the methodology employed in this dissertation.
b) Chapter 3 illustrates the scaling behavior of elastic random polycrystals (single
phase) with individual grains belonging to any crystal class (from cubic to triclinic).
c) Chapter 4 is a case study on determining the effective properties of polycrystals
comprising of highly anisotropic single crystals belonging to lower symmetry class.
d) Chapter 5 demonstrates the scaling behavior of two-phase polycrystals through
the notion of Heterogeneous Anisotropy Index, AY.
e) Chapter 6 discusses the concept of a dimensionless scaling function and examines
its role in the context of multiscale mechanics of random composites.

f) The conclusions and future research directions are shown in Chapter 7.
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Chapter 2

Methodology

The chapter focuses on the mathematical formulation that forms the basis
for obtaining rigorous scale-dependent bounds. We begin by first introducing the
Hill-Mandel homogenization condition and then develop the formulation for an elastic
scaling function. Subsequently, the theory for scale-dependent bounds is discussed
and the methodology for numerical implementation of the boundary value problems

is presented.
2.1 Hill-Mandel Homogenization Condition

Consider the Cauchy stress, o, and infinitesimal strain, e, tensors and
decompose them into the superposition of the means (& and &) with zero-mean (o’

and €’) fluctuations (see Ostoja-Starzewski [18])

o(w,x) =0 +0'(w,x), 21)

e(w,x) =g+ &'(w, x).

Here x is the point-to-point dependence of fluctuating fields, w(€ Q) refers to a
particular realization in a microstructure from the sample space, €2, and over-bar is
used to represent the volume average. For a specific realization, Bs(w), of a random

medium, By, the volume average of the energy density can be defined as follows

1
Y o(w,x): e(w,x)dV =

U

N —

where V' is the volume of the microstructure. In Eq. (2.2)), for the volume average of

a scalar product of stress and strain fields to equal the product of their averages

O:E=0:E, (2.3)

W
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the fluctuations need to be zero as follows

o' e =0. (2.4)

Eq. (2.3 is known as the Hill-Mandel homogenization condition. We now rewrite

Eq. (2.4) in index notation as follows (see Ostoja-Starzewski [18])

8/_/ oij — Tij)(€ij — Ei5)dV

V/{ (o3 — 75) (s — W) ] 5 — (035 — Eij,j)(ui_ﬂi)}dv

V 8V[(UZJ U”)(u )]anS
_1
V Jev

(2.5)

[(t: — Tijny) (u; — Eiz;)]dS,

where u; is the displacement vector, n; is the outward unit normal and ¢; is the
uniform traction vector (¢; = o;;n;). In the limit (0 — o0), the fluctuations are
negligible. But, for a specific mesoscale, the necessary condition for Eq. (2.3) to hold

is (see Ranganathan and Ostoja-Starzewski [19])

a:s:a:g@/aBé(t—a-n)-(u—g-x)dszo, (2.6)

and 0B; is the boundary of Bs. By using Eq. (2.6, the three types of boundary

conditions are defined as follows (see Ranganathan and Ostoja-Starzewski [19], Hill

[201)

i) Uniform Displacement (Dirichlet)

u(x) =&’ x, (2.7a)

ii) Uniform Traction (Neumann)

t(x) =0’ -n, (2.7b)
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iii) Mixed-orthogonal

[t(x) —o” - n]-[u(x) —&"-x] =0. (2.7¢)

The material properties obtained using Eq. are always between the apparent
moduli determined by applying Dirichlet and Neumann type boundary conditions
(see Ostoja-Starzewski [I8]). Also, the mixed-orthogonal boundary condition can
represent an actual experimental setup where displacements are applied without
friction on every side of the specimen under investigation (see Khisaeva and
Ostoja-Starzewski [21]). It is now possible to set up stochastic boundary value
problems with the above boundary conditions and upon ensemble averaging, the

mesoscale effective response can be obtained.

The methodology outlined above holds true under the assumption that the
microstructure is spatially homogeneous and ergodic for the random field, O(w, x),
of material parameters involved. In particular, ®(w,x) is a wide-sense stationary
(WSS) random field with a finite-valued covariance and a constant mean (see

Ostoja-Starzewski [15])

(O(x)) = p,

([O(x) = (O(x)][O(x + h) = (B(x + h))]) = Ke(h) < oo,

(2.8)

where Kg(h) is the covariance function and the ensemble averages are represented
by (). It can also be observed that the random field, ®(w,x), outlined above is
mean-ergodic if the spatial average (denoted by over-bar) is equal to the ensemble

average (see Ostoja-Starzewski [15])

(©) = (8). (2.9)
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In the next section, we postulate a generic form of the scaling function for random

materials.
2.2 Elastic Scaling Function

Single crystals are elastically anisotropic and the extent of anisotropy
is quantified by the Universal Anisotropy Index, AY, defined as follows (see

Ranganathan and Ostoja-Starzewski [22])
AV =5— +—— —6. (2.10)

Now, consider an arbitrary realization, Bs(w), of a random medium, By, on a specific
mesoscale, §. By using Eq. 1} a mesoscale random stiffness tensor, Cg, can be
defined as (see Ostoja-Starzewski [18])

T5(w) = Cl(w) : €, (2.11)

where superscript, d, is the displacement boundary condition (see Ostoja-Starzewski
et al. [23]). Along similar lines, Eq. (2.7b]) yields a mesoscale random compliance

tensor, S5, as follows (see Ostoja-Starzewski [18])
g5(w) = Sk(w) : o, (2.12)

and superscript, ¢, is the uniform traction boundary condition (see Ostoja-Starzewski
et al. [23]). In general, C and S are anisotropic at finite mesoscales. Isotropic response
can only be recovered by distributing the single crystal orientation randomly and upon
ensemble averaging. The isotropic forms of the stiffness and compliance tensors in
terms of the bulk modulus, K, as well as the shear modulus, G, can be represented

as follows (see Ranganathan and Ostoja-Starzewski [10])
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(C3)=2(G)K+3(K{)J, (2.13a)

a1 1
(80) = 51en ™+ 31my

J, (2.13Db)

where J and K are the spherical and deviatoric components (introduced by Walpole
[24],25]) of the fourth order identity tensor, I = I;;3 e, ®e; @ e, ® e = M%Mﬂ e; @
e; ® ep ® ¢. In addition, ¢;; is the Kronecker § with d,; = 1 when 7 = j and
0ij = 0 when ¢ # j. Also, J = Jiju ei ®e; Qe @ e = %';ﬁ e ®e; ® e, ®e and
K = I—J (see Ranganathan et al. [20]). By quadruple contraction of Eqs. and
(2-13D), the following scalar equation is obtained (see Itskov [27] and Ranganathan

and Ostoja-Starzewski [10])

+ (K3) (2.14)

CRCIEE

where the contraction indicates identifying two indices and summing over them as
dummy indices (see Holzapfel [28]). In the limit (§ — o0), the stiffness tensor
is the exact inverse of the compliance tensor as follows (see Ranganathan and

Ostoja-Starzewski [10])

lim (Cf) : (Sf) = 6. (2.15)

Rearranging Eqs. (2.14) and (2.15]), we postulate the following relationship

(C3) = (S5) = lim (C3) = (S5) + f(CY,0), (2.16)

where f(C"%,4) is the dimensionless function called the elastic scaling function. The
specific forms of scaling function for random materials will be discussed in the
subsequent chapters of the dissertation. In the next section, we discuss the upper

and lower bounds on the bulk and shear moduli of materials.
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2.2.1. Bounds on the bulk and shear moduli. The hierarchy of
scale-dependent bounds on the elastic response of random microstructures is shown
by employing the spatial ergodicity, WSS properties and the variational principles of

continuum elasticity as follows (see Ostoja-Starzewski [18], Kanit et al. [29], Sab [30],

Huet [31])

(st) << (s < (s < cel < (af) < (cd) .. < () i <.

(2.17)
By using Eq. , the hierarchy of bounds on the bulk and shear moduli for isotropic
stiffness tensors can be seen as follows (see Ranganathan and Ostoja-Starzewski [10]

and Ostoja-Starzewski et al. [23])
K< <(Ky) < (K}) <..< K < (K§) < (K§).. <K'V <4, (2.18)

Gf <. <(G5) <(Gh) <..<G . < (Gf)<(Gy)..< GV V§' <4, (2.18b)

where V' is the Voigt bound and R is the Reuss bound defined as follows (see Hill

32])

KV — (C11 + Cog + Cs3) ";2(012 + Cys + C31)’ (2.19)
K? = ! : (2.20)
(S11 + S22 + Sa3) + 2(S12 + Sas + S31)
Qv — (C11 4 Oy 4 C33) — (Crz + Coz + Cs1) + 3(Caa + Cs5 + Cee) (2.21)
15 ' '
G = 1 (2.22)

 4(Sy1 + Sag + Ss3) — 4(S1o 4 Sog + S31) + 3(Sas + Ss5 + Ses)

In the subsequent section, we illustrate the methodology for obtaining rigorous bounds
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on the bulk and shear moduli of random materials.

2.2.2. Homogenization methodology. The methodology for obtaining
scale-dependent bounds on the elastic response of polycrystals is schematically shown
in Fig. . These microstructures were created using Voronoi tessellation which is
a set of 3D entities (zones of influence of a specific set of points which relates to
their centres) that completes the 3D space without gaps or overlaps (see Quey et
al. [33]). From a physical perspective, a Voronoi tessellation represents a process
of solidification in which all grains form at the same time and isotropically grow
at the same rate. The software Neper was used for generating the polycrystals
using Voronoi tessellation which has been widely employed in several applications
including elastic wave propagation [34], fracture [35], magnetism [36], geology [37],
fatigue [38] and plasticity [39]. In Neper, the tessellation module (-T) was used to
create the morphology and the seeds of the cells were randomly distributed in the
microstructure. The weights associated to the seeds were then assigned using a Dirac
distribution and a standard tessellation was implemented in order to ensure that all
seeds were located inside the domain. Subsequently, a structured mesh was created
using hexahedral elements and the element size was specified through the element
characteristic length. Next, an input file was generated using Neper and an example
for generating a polycrystal with 5000 grains can be seen in Fig. (2)). This input file
was then imported to Abaqus in order to assign material properties and boundary
conditions (Dirichlet and Neumann). It has to be noted that the single crystal has a
reference stiffness tensor with independent components depending upon the crystal
class (from cubic to triclinic). Therefore, the reference tensor was rotated in order to
assign the material property for each individual crystal in the polycrystal by using
a set of uniformly generated rotation tensors. This procedure was carried out using
Matlab where the required number of realizations were also generated. A batch

file was run using Python for solving the boundary value problems in Abaqus. By

10
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performing ensemble averaging in Matlab, the bounds on the aggregate response were
obtained. The software R was then used for generating the plots and this procedure

was repeated for all grain sizes.

In the next chapter, we consider the scale-dependent response of single phase
polycrystals with individual grains belonging to any crystal class. In doing so, we
introduce the notion of an elastic scaling function and determine its specific form

through numerical simulations.

11
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Generate polycrystals by Voronoi Tessellations in Neper |

v

Mesh polycrystals and create .inp file

v

Import .inp file to Abaqus

v

Assign material properties, boundary conditions and

create new .inp file

v

Use Matlab and .inp file from previous step to generate

the required no. of realizations (.inp files)

v

Run a batch file using Python to process .inp files in

Abaqus

v

Postprocess the data in Matlab

v

Generate the plots using R

ridwan@Ridwan-Linux:~S$ neper -T -n 56000 -id 1 -domain 'cube(1,1
,1)' -format tess -weight 'dirac(0.02)' -ttype 'standard' -o Te
ss5000dirac

x - A n S et Nie
ridwan@Ridwan-Linux:~$ neper -M Tess5000dirac.tess -elttype | «a Ovlb

x' -o 5000dirac -format 'inp' -cl 1/35 -order 2

'@‘!:w/ ; ¥
3 . ,"

ridwan@Ridwan-Linux:~$ neper -V Tess50B80dirac.tess -datacellcol
id -print Tess5000dir

Figure 2. Generating a Polycrystal in Neper

12
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Chapter 3
Scaling Laws in Elastic Polycrystals With Individual Grains Belonging to

Any Crystal Class

In this chapter, we develop unifying scaling laws describing the response of
elastic polycrystals at finite mesoscales. These polycrystals are made up of individual
grains belonging to any crystal class (from cubic to triclinic) and are generated by
Voronoi tessellations with varying grain sizes. Rigorous scale-dependent bounds are
then obtained by setting up and solving Dirichlet and Neumann boundary value
problems consistent with the Hill-Mandel homogenization condition. The results
generated are benchmarked with existing numerical results in special cases and the
effect of grain shape on the scaling behavior is investigated. The convergence to the
effective elastic properties with increasing number of grains is established by analyzing
5180 boundary value problems. This leads to the notion of an elastic scaling function
which takes a power-law form in terms of the Universal Anisotropy Index and the
mesoscale. Based on the scaling function, a material scaling diagram is constructed
using which the convergence to the effective properties can be analyzed for any elastic

microstructurdl
3.1 Introduction

Composite materials are widely used nowadays due to the dire need for
novel materials with unique properties. With the advent of additive manufacturing,
composites can be designed with superior structural integrity (enhanced fracture
toughness [3]) and 3D printed with controlled variation of material properties [411, 42].
Such properties are dependent upon the structure of the composite (proportions

of each component, shape of the particles and arrangement of the particles) and

1See also [40] M. R. Murshed and S. I. Ranganathan, “Scaling laws in elastic polycrystals with
individual grains belonging to any crystal class,” Acta Mechanica, vol. 228, no. 4, pp. 1525 — 1539,
2017. [Online]. Available: http://dx.doi.org/10.1007/s00707-016-1774-3
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the corresponding property of each individual component in a composite (electrical,
thermal and mechanical property). Thus, the structure-property relationship is
a fundamental aspect in the design of composite materials which comprises of
polycrystalline aggregates. These polycrystals are a collection of single crystals
(grains) that have arbitrary orientations. The properties of polycrystalline aggregates
depend upon the length scale and the single crystal orientation. By randomly
assigning each crystal orientation in a polycrystal, one can obtain the effective
isotropic response. In the context of elasticity, the effective property (shear and

bulk moduli) can be estimated corresponding to a Representative Volume Element

(RVE).

However, determining the appropriate size of the RVE in order to accurately
obtain the aggregate response is still a challenge in composite material theory.
Therefore, various homogenization techniques have been developed in order to
estimate the effective property. One such approach is the Mori-Tanaka method
which relates the average stress in an inclusion to the average stress in the matrix for
obtaining the aggregate response in polycrystals (see Sevostianov and Kachanov [43]).
However, the Mori-Tanakas’s scheme may violate the Hashin-Shtrikman bounds for
multiphase composites as well as yield a non-symmetric stiffness tensor and thereby
the effective response cannot be obtained. An alternate method based on Maxwell’s
scheme for estimating the effective property of anisotropic multiphase composites was
proposed by Sevostianov [44]. In that study, the author modified Maxwell’s scheme by
taking into account the shape of the inclusion and illustrated that an ellipsoidal shape
captured the effective response accurately. On the contrary, selecting an inappropriate
shape of the inclusion will cause the stiffness and compliance tensors to lose positive

definiteness and the effective property cannot be determined.

An alternate approach to quantify the size of RVE, free of any positive
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definiteness violation, is to implement the Hill-Mandel homogenization condition [7, [§]
and obtain rigorous bounds as solutions to scale-dependent stochastic boundary value
problems (Dirichlet and Neumann). This homogenization technique has attracted
a great deal of interest over the past few decades within the context of elasticity
[9, 10, 19, 21, [45], thermal conductivity [11, 12 46, 47], electrical conductivity
[13], thermoelasticity [14, [15], 48], flow in porous media [16, 17, 49], fracture and
damage phenomena in random microstructures [I8] and nonlinear elastic and inelastic
materials [50, 51} 52 [63]. This framework has been employed by several other authors
including Kanit et al. [29] and El Houdaigui et al. [54] for estimating the size of RVE.
In particular, Kanit et al. [29] investigated three-dimensional Voronoi mosaic-shaped
linearly elastic materials in order to determine the effective properties of two-phase
heterogeneous microstructures at specific length scales. In their work, the authors
showed the minimum number of realizations required for a given RVE size by taking
into account the following: i) physical property of the material; ii) material contrast;
iii) volume fraction of individual phases; iv) relative precision for estimating the
effective property. In addition, the authors observed that for a specific precision
and number of realizations, one can obtain the minimal size of the RVE in order
to determine the effective response. Along similar lines, El Houdaigui et al. [54]
analyzed three-dimensional Voronoi mosaic as polycrystalline morphology in order to
determine the number of grains (Ng) required in a RVE for estimating the effective
elastic properties of Copper. The authors used a variety of boundary conditions
(Dirichlet and Neumann) and obtained the mean shear modulus as a function of Ng.
It was seen that the minimum number of grains required is related to the evolution

of the standard deviation of the effective property (shear modulus).

Several other authors have employed the framework of stochastic
micromechanics in order to demonstrate the concept of a scaling function through

the convergence of Dirichlet and Neumann bounds. In particular, Ranganathan
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and Ostoja-Starzewski [19] obtained the scale-dependent bounds on the aggregate
response of elastic random polycrystals at finite length scales.  Subsequently,
scaling laws were established that takes into account the mesoscale along with the
universal anisotropy measure of single crystals. By employing the elastic scaling
function, a material scaling diagram was constructed to quantify the size of the
RVE for multifarious random polycrystals. Along similar lines, Dalaq et al. [55]
illustrated the scale-dependence of thermal conductivities in two-phase planar
random checkerboards at all length scales. In their study, the authors analyzed
microstructures with 50% volume fractions with a variety of material combinations.
It was observed that the scaling function depends upon the material contrast and the
mesoscale. Subsequently, a material scaling diagram was generated which estimates

the size of the RVE for any combination of individual phases.

Similarly, Raghavan et al. [I3] examined the scale-dependent electrical
conductivity of two-phase random microstructures at arbitrary volume fractions
and material contrasts. In particular, the authors demonstrated the convergence
of the mesoscale bounds to the effective electrical properties with increasing length
scales. Also, the authors derived the scaling function which takes into account the
volume fraction, phase contrast and mesoscale. It was seen that the size of the
RVE can be estimated using a material scaling diagram for a range of composite
microstructures. More recently, Zhang and Ostoja-Starzewski [56] analyzed the
frequency-dependent scaling function for linear viscoelastic materials. In their
work, the authors numerically simulated planar random checkerboard microstructures
that had volume fractions of 50% at two-phases (elastic and viscoelastic), varying
mesoscales (§ = 2,4,8,16) and frequencies (0.05 Hz - 50 Hz). Next, the hierarchies
of mesoscale bounds on shear and bulk type responses were obtained and a scaling
function was developed in order to capture the scaling trend to RVE. It was observed

that the scaling function is dependent upon the frequency and the mesoscale.
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In summary, a significant amount of literature exists regarding the
homogenization of random composites in order to determine the effective properties.
However, to the best of our knowledge there is no framework to unify the scaling
behavior of elastic polycrystals belonging to any crystal class. In the current work,
we establish unifying scaling laws at finite mesoscales describing the elastic response
of random polycrystals. These polycrystals are generated by Voronoi tessellations
with varying grain sizes including 25, 400, 1000 and 5000 grains. The materials
studied are Cu, Zn, SnFs, S, Angg, Zr, a Ti and Fe;O3 as these belong to various
crystal classes (from cubic to triclinic). Subsequently, rigorous bounds are obtained
at finite length scales as solutions to stochastic boundary value problems (Dirichlet
and Neumann) based on the Hill-Mandel homogenization condition. The results
generated are benchmarked with existing numerical solutions for Cu. Also, the effect
of grain shape (Voronoi tessellations and Cubic-shaped geometry) on the scaling
behavior of cubic crystals (Lithium) is demonstrated. By analyzing 5180 boundary
value problems, we illustrate that the scale-dependent bounds on the elastic response
of polycrystals converge to the effective properties with increasing number of grains.
In doing so, we generalize the notion of an elastic scaling function which depends
upon the Universal Anisotropy Index and the number of grains in the domain.
Finally, the scaling function is employed to develop the material scaling diagram that

can be used to precisely estimate the size of the RVE.
3.2 Elastic Scaling Function

Consider the form of scaling function which is postulated in chapter 2 (see

section 2.2). For single phase materials, the functional form can be defined as follows

(Cf) = (8h) = 61L1£10<C§> 1 (85) + £(CY,0), (3.1a)
F(CY.5) = f(CY, AV 5), (3.1Db)
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where f(C%, AV §) is the dimensionless elastic scaling function and AY is the
Universal Anisotropy Index that was first introduced by Ranganathan and
Ostoja-Starzewski [22]. Unlike the scaling function first proposed by Ranganathan
and Ostoja-Starzewski [19] that was restricted to crystals with cubic symmetry, the
function in Eq. is applicable to all crystal classes. The variable C* represents

all the single crystal elastic constants depending on the crystal class as given below

i) Cubic
Cij = (011, 012, C44), (32&)
ii) Hexagonal
CY = (Cyy, 1z, Cy3,Ca3, Cay), (3.2b)
iii) Tetragonal
CY = (Cyy, C1z, C3, Cs3, Caa, Ceg), (3-2¢)
iv) Trigonal
CY = (011,0127013701470337044); (3-2d)
iv) Orthorhombic
CY = (011, Cha, Ci3, O, Ca3, Cs3, Cua, Css, Cﬁﬁ)a (3-26)
v) Monoclinic
C” = (Clla C'127 CWl?n C"157 0227 CY237 C\1257 C(337 C{357 C’447 C'46’ C(557 066)7 (32f)

vi) Triclinic

C” = (0117 CY127 C’137 C\1147 C\’157 0167 0227 C’237 CY247 CY257 0267

0337 C\1347 C\1357 C\1367 C{447 C{457 C’467 0557 CY567 066)'
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Substituting Eqs. (2.15) and (3.1a) into Eq. (2.14]) gives the functional form of the

elastic scaling function as

o v g oG8 (KD
AT =5y iy

— 6. (3.3)

The boundary value problems listed under Egs. and in chapter 2 can
be solved numerically in order to obtain the right hand side of Eq. . We now
discuss the homogenization methodology for single phase polycrystals using Fig. .
The grain sizes (Ng = 25, 400, 1000 and 5000) that are taken into consideration are
based on the work by El Houdaigui et al. [54]. Using Egs. and , Dirichlet
and Neumann type boundary value problems (5180) are solved and upon ensemble
averaging, the bounds on the elastic response are obtained. In the next section, we

illustrate the properties and bounds on the scaling function.

Polycrystals

Single Crystal

Figure 3. Homogenization methodology for single phase elastic polycrystals
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3.2.1. Properties and bounds on the elastic scaling function. The
elastic scaling function f(C%, AV, §) which is postulated in Eq. (3.1a]) has the following
properties

f(C,AY 5 ~ 00) =0, (3.4)

where the scaling function is equal to zero when the mesoscale is infinite. Also, when

the single crystals are locally isotropic (AY = 0), the scaling function is equal to zero
f(C% AV =0,6) = 0. (3.5)

In addition, the bounds on the elastic scaling function can be seen as follows
f(CAY 5~ 00) < f(OU,AY,8) < f(OU, AV, 6§ =1) V1< < oo. (3.6)

By employing Eqgs. (3.4) and (3.3)) in (3.6)), the following bounds are obtained

- 14 KV
ng(C”,AU,é)gAU:5%+ﬁ—6 V1 <6 < oo. (3.7)

It has to be noted that if C*/ is changed to o C* (« is a real number), the scaling

function remains the same
fla C9,AY,6) = f(C7,AY,9). (3.8)

It is therefore possible to postulate the various forms of the scaling function once the

parameters of f are identified.
3.3 Results and Discussion

Let us now consider rigorous bounds on the elastic properties of random

polycrystals at finite length scales. These polycrystals are generated numerically
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according to spatially ergodic and WSS properties. Also, the polycrystals are
white-noise random fields as these have no spatial correlations. In the subsequent
sections, we validate our numerical results for the shear modulus of Cu with the
results published in the literature by El Houdaigui et al. [54]. After validating the
numerical model, the effect of grain shape (Voronoi tessellations and Cubic-shaped
geometry) on the scaling function is analyzed. Then, eight materials (see Table
across all crystal classes (from cubic to triclinic) are studied and 5180 numerical
simulations are performed in order to illustrate the scale-dependent bounds on the
aggregate response. In doing so, Dirichlet and Neumann boundary conditions are

imposed on polycrystals with varying grain sizes (25, 400, 1000 and 5000) as follows:

1) Dirichlet problem:

i) For extracting shear modulus: €9, = &3, = 0.05, €3, = —0.1, &9, = &% = &9, = 0;
ii) For extracting bulk modulus: &?, = &%, = €%, = 0.05, &}, =¥, =&, =0;

2) Neumann problem:

iii) For extracting shear modulus:

0% =09, = 16 GPa, 033 = —32 GPa, 0% = 0¥y = 09, = 0;

iv) For extracting bulk modulus: ¢{; = 09, = 0% = 16 GPa, 0}, = {3 = 093 = 0.

Next, we proceed to develop a suitable form of the scaling function and construct the

material scaling diagram for quantifying the size of RVE.

3.3.1. Benchmark results. We discuss the benchmarking studies that
were performed in order to validate the results for Cu with the ones published in
the literature by El Houdaigui et al. [54]. For Dirichlet boundary value problems,
computational results showed that scale-dependent bounds converged to effective
property (shear modulus) as percentage difference is less than 2% for all grain sizes
(see Table . Similarly, for Neumann boundary value problems, numerical results

indicated that bounds approached effective property as percentage difference is less

21

www.manaraa.com



than 4% for all grains sizes (see Table [3). In the subsequent section, the effect of

grain shape on scaling behavior of random microstructures is illustrated.

Table 1

Materials analyzed across all crystal classes

Crystal Class Material GY (GPa) G (GPa) K" (GPa) K (GPa) AY

Cubic Cu 54.63 40.03 137.07 137.07 1.82
Hexagonal Zn® 44.82 34.13 75.08 61.58 1.79
Monoclinic SnF, ¢ 13.80 10.30 17.90 16.50 1.78

Orthorhombic S 7.22 6.17 20.60 17.56 1.03
Triclinic Angg € 42.45 35.70 88.74 84.10 0.99
Tetragonal Zr 21.70 18.40 21.00 19.00 1.00
Hexagonal aTid 44.20 42.59 105.00 105.00 0.19
Trigonal Fe,O3 " 94.70 91.90 98.30 97.20 0.16

¢ El Houdaigui et al. [54]; ® Berryman [57]; © Watt [58]; ¢ Lide [59]; ¢ Brown et al. [60];
7 Watt and Peselnick [61]; ¢ Ledbetter and Kim [62]; * Berryman [57]

Table 2
Model validation for shear modulus (GPa) of Cu (Dirichlet)

No. of No. of Current El Houdaigui %

Grains Realizations ~ Work et al. [54]  difference
25 100 51.77 52.54 1.48
400 50 50.03 50.09 0.12
1000 25 49.94 49.79 0.31

5000 10 49.48 49.34 0.29
Table 3

Model validation for shear modulus (GPa) of Cu (Neumann)

No. of No. of Current El Houdaigui %

Grains Realizations ~ Work et al. [p4]  difference
25 100 44.90 43.40 3.47
400 50 47.15 47.31 0.34
1000 25 47.49 47.57 0.15
5000 10 48.17 48.39 0.46
22
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3.3.2. Effect of grain shape on scaling function and size of RVE.
The effect of the grain shape on the scaling behavior of Lithium is now discussed
as its Universal Anisotropy Index is very high (AY= 8.43). In addition, we have
selected the grain sizes (8, 27, 64 and 512) based on the work by Ranganathan and
Ostoja-Starzewski [19] (see Fig. [4h). Fig. (4p) illustrates the scale-dependent bounds
on the shear modulus for grains generated by Voronoi tessellations and Cubic-shaped
grains. It can be seen that as Ng — oo (6 — 00), there is no significant difference in
the results obtained using the geometry generated by Voronoi tessellations and the
Cubic-shaped geometry. This is consistent with the observations of Ranganathan and
Ostoja-Starzewski [19] and Bhattacharya and Suquet [63]. In fact, the scaling and
rescaled functions are almost identical except for Ng = 8 (see Fig. e & d). Therefore,
we conclude that it does not matter whether Voronoi or Cubic-shaped geometry is
used in order to quantify the size of RVE. Also, if the AY is significantly large, the
shape of the grains is not important for homogenizing the aggregate response. In
addition, the RVE size is not affected by the grain shape when AV = 0. Next, we
proceed to demonstrate the scale-dependent bounds of all the materials analyzed

across the various crystal classes.
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Figure 4. Comparison of grain shapes for Lithium: a) Voronoi and Cubic-shaped
geometry b) Scale-dependent bounds for shear modulus ¢) Scaling Function d)
Rescaled Function

3.3.3. Bounds on the aggregate response. Following the methodology in
section 2.2.2., we now numerically obtain scale-dependent bounds on all the materials.
The upper and lower bounds correspond to the Voigt and Reuss estimates. The
scale-dependent bounds of the shear modulus for Cu as well as the bounds for the
shear and bulk moduli for Zn and SnFy can be observed in Fig. . It is evident
that the bounds converge to the effective property with an increase in the number of
grains from 25 to 5000 (see Fig. . Along similar lines, the scale-dependent bounds
of S, Angg and Zr get tighter as the number of grains increase (see Fig. @ Similarly,
the elastic response of o Ti and Fe;O3 indicate that the bounds approach the effective

property (shear and bulk moduli) as the grain size increases (see Fig. [7).
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Let us now discuss the scaling behavior of all the materials studied. The

Universal Anisotropy Index, AY, for Cu, Zn and SnF, are almost identical (see

Table 1) and therefore they will be analyzed together. Fig. shows that the scaling

functions for these materials are quite close to one another and it is reasonable to state

that the scaling function depends only on the AY and the mesoscale, 6. Therefore,

we rewrite Eq. (3.3)) as follows
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f(C9 AY 5) = f(AY,0). (3.9)

The scaling functions for S, Angg and Zr can be seen in Fig. . Once again, the
scaling functions for these three materials are very close to each other. A similar
phenomenon is observed for o Ti and Fe,O3 as the scaling functions for these two

materials are almost identical (see Fig. [5)).
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Figure 8. Scaling Function for single phase materials

3.4 Constructing the Scaling Function

The functional form of the scaling function is illustrated by rewriting Eq. (3.7))
as follows

1
0< 7 (AY)8) < 1. (3.10)

It is very interesting to observe that the rescaled function defined in Eq. (3.10)) is

identical for all the materials belonging to any crystal class as seen in Fig. @D The
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slight scatter in the results plotted in Fig. @ can be attributed to the finite number
of realizations used to obtain the ensemble averages. Therefore, it is reasonable to
state that the rescaled function, f*, is independent of the Universal Anisotropy Index,
AU and is only a function of the mesoscale, §. By redefining the scaling function, it

can be seen that

f(AY,8) = AV f*(6), (3.11)

where f*() is the material-independent rescaled function.
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Figure 9. Rescaled Scaling Function for single phase materials

Next, the mean values of f*(8) in Fig. (9) are taken in order to construct the
effective averaged rescaled function (obtained through numerical simulations) and
curve fit it (see Fig. [10). Based on the effective function and its fit, f*(0) takes the

following form
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F1(0) = (9)7*. (3.12)

At this stage, it is convenient to illustrate the scaling function using Eqs. (3.11) and

as follows

This form of the scaling function takes into account all the properties defined in
section 3.2.1. By employing Eq. , we reconstruct the scaling function for all
the materials as shown in Fig. . It is clear from this plot that this formulation
captures the scaling function accurately and unifies the treatment of a wide spectrum

of materials across all crystal classes (from cubic to triclinic).
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Figure 10. Effective Rescaled Scaling Function & Fit for single phase materials

3.5 Material Scaling Diagram

The contours of scaling function in (AY, N¢) space based on Eq. (3.13) can be
seen in Fig. . For any finite value of scaling function within the range (0.01 <

f < 0.23), the number of grains (Ng) required to homogenize the effective response
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can be obtained using Fig. . Also, it is observed that the curves shift towards
higher number of grains and vice-versa as the scaling function decreases. It has to
be noted that the value of scaling function determines the appropriate size of RVE.
Theoretically, when number of grains is infinite, scaling function becomes zero or
when AY = 0 (crystal is locally isotropic). For practical purposes, one can choose a
finite value of scaling function in order to determine the number of grains required
for homogenization. This concept is illustrated by choosing a specific value of scaling
function (f = 0.2) and constructing Fig. based on this value for a variety of
elastic random polycrystals. For a material with low anisotropy (Fe;O3), RVE is
approached at Ng = 1 (0 = 1). Finally, for a material with high anisotropy (Cu),

number of grains required for homogenization is Ng = 1678 (J = 12).
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3.6 Summary

In chapter 3, we have demonstrated the methodology to obtain scale-dependent
bounds on the elastic response of polycrystals by solving stochastic boundary value
problems (Dirichlet and Neumann) consistent with the Hill-Mandel homogenization
condition. In doing so, we established a framework to unify the treatment of a variety
of elastic random polycrystals across all crystal classes (from cubic to triclinic) in
terms of the elastic scaling function. This specific form of the scaling function takes
into account the Universal Anisotropy Index, AV, and the number of grains in the
domain. In addition, some characteristics of the scaling function were shown such
as the scaling function is zero at infinite grain sizes or when the crystals are locally
isotropic (AY = 0). Subsequently, a material scaling diagram was constructed that
allows us to estimate the number of grains required for homogenization. To the best
of our knowledge, this is the first attempt to unify the scaling behavior for single
phase elastic random polycrystals belonging to any crystal class. In the subsequent
chapter, we consider a case study of highly anisotropic single crystals belonging to
lower symmetry class. Subsequently, rigorous bounds are obtained on the elastic
response of these microstructures and the results are compared with all other methods

that are widely available in the literature.
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Chapter 4
Case Study: Hill-Mandel Condition and Bounds on Lower Symmetry

Elastic Crystals

Despite advances in contemporary micromechanics, there is a void in the
literature on a versatile method for estimating the effective properties of polycrystals
comprising of highly anisotropic single crystals belonging to lower symmetry class.
Basing on variational principles in elasticity and the Hill-Mandel homogenization
condition, we illustrate a versatile methodology to fill this void. It is demonstrated
that the bounds obtained using the Hill-Mandel condition are tighter than the Voigt
and Reuss bounds, the Hashin-Shtrikman bounds as well as a recently proposed
self-consistent estimate by Kube and Arguelles even for polycrystals with highly

anisotropic single crystalg]
4.1 Introduction

Polycrystalline materials are widely used in engineering applications as the
need to develop new materials with unique properties has significantly increased
(enhanced fracture toughness [3], high thermal conductivity [4], superior electrical
conductivity [5]). These microstructures consist of collection of single crystals with
random orientations and individual grains belonging to any crystal class (from cubic
to triclinic). When these crystals are oriented randomly, collectively they exhibit an
effective elastic behavior that is isotropic upon ensemble averaging. However, despite
advances in contemporary micromechanics over the past several decades, it is still a
challenge to predict the effective properties of such polycrystals especially when the

single crystals are highly anisotropic and have lower elastic symmetry (see [19, 10, [65]).

2See also [64] M. R. Murshed and S. I. Ranganathan, “Hill-Mandel condition and bounds on
lower symmetry elastic crystals,” Mechanics Research Communications, vol. 81, pp. 7 — 10, 2017.
[Online]. Available: https://doi.org/10.1016/j.mechrescom.2017.01.005

34

www.manaraa.com



In the past, several techniques have been used to predict the elastic response of
materials and some of these are noteworthy. Voigt [66] developed the upper bound on
the elastic moduli by assuming uniform strain throughout the material. Along similar
lines, Reuss [67] obtained the lower bound on the aggregate response by considering
uniform stress in the composite. It was later demonstrated by Hashin-Shtrikman
[68] using variational principles that the upper and lower bounds for the elastic
moduli of polycrystals can be tighter than the Voigt and Reuss bounds. Also, the
authors applied their approach to a two-phase alloy that had cubic symmetry and
illustrated that the theoretical results were in good agreement with the experimental
results. Several other authors had employed Hashin-Shtrikman’s variational principles
method for polycrystals from various crystal classes. In particular, Watt and
Peselnick [61] demonstrated explicit expressions for the bounds on the elastic moduli
of polycrystalline aggregates composed of hexagonal, trigonal and tetragonal crystals.
Also, the authors showed that Hashin-Shtrikman bounds were within the Voigt and
Reuss bounds. Similarly, Berryman [57] developed analytical formulas in order to
obtain self-consistent estimates for the shear and bulk moduli of random polycrystals
with hexagonal, trigonal and tetragonal symmetries. In addition, the author was
successful in obtaining the self-consistent estimates within the Hashin-Shtrikman

bounds for all the crystal classes considered in that study.

An alternate approach for estimating the effective property is the Mori-Tanaka
method which relates the average stress in an inclusion to the average stress in the
matrix in multiphase composites. In particular, Norris [69] investigated two-phase
composites and proved that the elastic moduli obtained using Mori-Tanaka method
always satisfied the Hashin-Shtrikman bounds. Also, for spherical particles, it was
demonstrated that the results for the effective moduli of multiphase composites were

within the Hashin-Shtrikman bounds.
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While several theories exist in the literature for determining the elastic
response of materials, somewhat tighter bounds for elastic constants have only been
recently obtained for microstructures with lower symmetry. In particular, Brown
[70] illustrated a numerical technique for obtaining the Hashin-Shtrikman bounds
for materials belonging to any crystal class. In that study, the author estimated
the Hashin-Shtrikman bounds as a function of the properties of a reference isotropic
material and reported the results for crystals with triclinic symmetry. Following
Brown’s [70] computational procedure, Kube and Arguelles [65] developed theoretical
expressions for obtaining the self-consistent estimates of polycrystals and illustrated
an iterative approach to solve these expressions. It was seen that the estimates can
be obtained for a variety of geological materials that have monoclinic and triclinic

symmetries.

In this study, we illustrate an alternate method for obtaining tighter
bounds than Kube and Arguelles [65] using the Hill-Mandel homogenization
condition (see Hill [7] and Mandel [§]). In the subsequent sections, we establish
scale-dependent bounds on the elastic response of random polycrystals with 10000
grains which were generated using Voronoi tessellations. By analyzing stochastic
boundary value problems (Dirichlet and Neumann) consistent with the Hill-Mandel
condition, we illustrate that the aggregate response of polycrystals converge to the
effective properties. Subsequently, tighter bounds are obtained than the bounds
and self-consistent estimates published in the literature by Voigt-Reuss [66, [67],
Hashin-Shtrikman [68] and Kube and Arguelles [65].

4.2 Methodology

The microstructure of a polycrystal with 10000 grains can be seen in Fig. (14h)
along with the Dirichlet (see Fig. [I4p) and Neumann (see Fig. [14c) boundary

conditions. These polycrystals are generated by Voronoi tessellations using the
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software Neper (see Quey et al. [33]). Subsequently, Dirichlet and Neumann boundary
value problems are solved [using Eqs. and from chapter 2] and rigorous
bounds are obtained on the elastic response of random microstructures. In the next
section, we illustrate the bounds obtained using the Hill-Mandel homogenization
condition and compare the results with the bounds and self-consistent estimates
published in the literature by Voigt-Reuss [66, [67], Hashin-Shtrikman [68] and Kube
and Arguelles [65].

(a) (b) (c)

Figure 14. A 10000-grain Voronoi tessellation: (a) Microstructure of a Polycrystal
with 10000 grains (b) Microstructure subjected to Dirichlet Boundary Condition (c)
Microstructure subjected to Neumann Boundary Condition

4.3 Results and Discussion

TABLES{] and 5] summarize the results obtained on several lower symmetry
elastic crystals with increasing single crystal anisotropy. The Dirichlet (d) and
Neumann (¢) bounds obtained using the Hill-Mandel condition are compared with
the Voigt and Reuss bounds [66, 67], the Hashin-Shtrikman bounds [68] as well as
the more recent self-consistent (SC') estimate proposed by Kube and Arguelles [65].
It is evident that all estimates are within Voigt and Reuss bounds. Also, it can be
noted that Hashin-Shtrikman bounds are tighter than Voigt and Reuss bounds. It

is evident that the bounds obtained using the Hill-Mandel condition are even tighter
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than the Hashin-Shtrikman bounds. Although, the recently proposed self-consistent
(SC) estimate is always between the Hashin-Shtrikman bounds, it does not fall within
the bounds obtained using the Hill-Mandel condition. It is interesting to note that the
self-consistent estimate proposed by Kube and Arguelles [65] is very close to the lower
bound obtained using the Hill-Mandel condition (use of uniform traction boundary

conditions).

Table 4

Bounds & = self-consistent estimates (SC) of shear (n) moduli
(GPa): Bounds include Voigt(V' )-Reuss(R), Hashin-Shtrikman(HS) &
Dirichlet(d) - Neumann(t)

Material AY  uf  pu~HS pt w3 opd ptHS v
1 1.00 35.70 38.20 38.95 38.90 39.33 39.70 42.50

1.80 10.30 11.60 12.12 12.10 12.39 1240 13.80

2.80 6.20 7.00 713 710  7.31 7.70 9.10

3.60 420 490 544 540 559 580  6.90
450 11.50 14.00 15.17 15.00 15.73 16.90 20.10

Materials: 1) Angg (triclinic); 2) Tin Difluoride (monoclinic); 3) Ethylene
diamine tartrate (monoclinic); 4) Oxalic Acid dihydrate (monoclinic); 5)
Lithium hydrogen oxalate monohydrate (triclinic)

QU = W N

Table 5

Bounds & self-consistent estimates (SC) of bulk (k) moduli (GPa):
Bounds include  Voigt(V )-Reuss(R),  Hashin-Shtrikman(HS) &
Dirichlet(d) - Neumann(t)

Material AV kB Kk HS K K9C k4 ktHS kY

1 1.00 84.10 86.20 86.71 86.70 87.01 87.20 88.70
1.80 16.50 17.10 17.36 17.30 17.44 17.50 17.90
2.80 1590 19.20 19.63 19.50 20.27 21.30 24.50
3.60 10.80 11.90 1246 12.40 12.70 13.00 14.30
450 2210 2750 29.83 29.70 31.11 33.20 39.30

Materials: 1) Angg (triclinic); 2) Tin Difluoride (monoclinic); 3) Ethylene
diamine tartrate (monoclinic); 4) Oxalic Acid dihydrate (monoclinic); 5)
Lithium hydrogen oxalate monohydrate (triclinic)

Ol W N
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In view of variational principles in elasticity, any estimate for the effective
property must lie within the Voigt and Reuss bounds, Hashin-Shtrikman bounds and
the bounds obtained using the Hill-Mandel condition [19]. Clearly, the self-consistent
estimate does not satisfy this hierarchy of bounds and this is even more evident as the
single crystal anisotropy increases. For instance, consider Lithium hydrogen oxalate
monohydrate from TABLE{0], it is seen that the self-consistent estimate can be up to

5 % higher than the upper bound using the Hill-Mandel condition.

Table 6

Comparison of results using Hill-Mandel condition with self-consistent estimates
for shear and bulk moduli (GPa)

Material AV £l 5 100 Lo % 100 525 x 100 25 X 100
1 100  -013 -1.10 -0.01 -0.36
2 180  -0.15 -2.38 -0.33 -0.81
3 280 047 -2.91 -0.64 -3.93
4 360 082 -3.58 -0.44 -2.44
5 450  -1.14 -4.84 -0.44 475

Materials: 1) Angg (triclinic); 2) Tin Difluoride (monoclinic); 3) Ethylene
diamine tartrate (monoclinic); 4) Oxalic Acid dihydrate (monoclinic); 5) Lithium
hydrogen oxalate monohydrate (triclinic)

4.4 Summary

We have proposed a methodology based on Hill-Mandel condition using
which, tighter bounds were obtained on elastic polycrystals (monoclinic and triclinic
materials) when compared to all the existing methods proposed in the literature. The
methodology is very versatile and is based on variational principles in elasticity. Also,
the bounds obtained can be made even tighter by considering polycrystals with more
number of grains (greater than 10,000) for numerical simulations. So far, we focused
on obtaining scale-dependent bounds on single phase polycrystals. In the subsequent
chapter, we introduce the notion of ‘Heterogeneous Anisotropy Index’ and examine

itsrole.onthe finite-size scaling of two-phase random polycrystals.
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Chapter 5
Heterogeneous Anisotropy Index and Scaling in Two-Phase Random

Polycrystals

Under consideration is the finite-size scaling of the elastic properties in
two-phase random polycrystals with individual grains belonging to any arbitrary
crystal class. These polycrystals are generated by Voronoi tessellations with varying
grain sizes and volume fractions. Any given realization of such a microstructure
sampled randomly is highly anisotropic and heterogeneous. Using extremum
principles in elasticity, we introduce the notion of a ‘Heterogeneous Anisotropy Index
(AY)" and examine its role in the scaling of elastic properties at finite mesoscales
(§). The relationship between AY and the Universal Anisotropy Index, AY [22]
is established for special cases. The scale-dependent bounds are then obtained by
setting up and solving 9250 Dirichlet and Neumann type boundary value problems
consistent with the Hill-Mandel homogenization condition. Subsequently, the concept
of an elastic scaling function is introduced that takes a power-law form in terms of
AY and §. Finally, a material scaling diagram is constructed by employing the elastic
scaling function which captures the convergence to the effective properties for any

two-phase elastic microstructureﬂ
5.1 Introduction

Polycrystalline materials have unique properties and are commonly used
in several engineering applications (such as elasticity [23], heat conduction [50],
fracture [35], magnetism [36]). In particular, two-phase polycrystalline materials
have been used in minerals engineering [37], thermal conductivity [72], plasticity

[73]. Such materials have grains belonging to any crystal class (from cubic to

3See also [71] S. I. Ranganathan, M. R. Murshed and L. Costa, “Heterogeneous anisotropy index
and scaling in two-phase random polycrystals,” under minor revision, 2017.
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triclinic) with arbitrary orientations. These microstructures are highly anisotropic
and heterogeneous at finite scales, thereby posing a challenge to the predictive
modeling of their collective behavior. The objective of this research is to introduce the
notion of a ‘Heterogeneous Anisotropy Index’ and examine its role in the finite-size

scaling of two-phase random polycrystals.

In the past, several authors have investigated the -effective response
of two-phase materials and some of these are noteworthy. In particular,
Hashin-Shtrikman [74] used variational principles to illustrate upper and lower
bounds on elastic moduli of two-phase materials. In their study, the authors
analyzed a two-phase alloy (Tungsten Carbide) and proved that their theoretical
results were in good agreement with experimental results. Along similar lines,
Walpole [75] examined upper and lower bounds as well as self-consistent estimates
on the elastic moduli of materials. The author developed theoretical expressions for
shear and bulk moduli of composites with transversely isotropic inclusions (needle or
disc shape) at random orientations and arbitrary volume fractions. Similarly, Watt
et al. [76] analyzed bounds on shear and bulk moduli of several two-phase composites
with different volume fractions (v; = 0, 0.2, 0.4, 0.8, 1). It was demonstrated that
the effective moduli of these materials were within Hashin-Shtrikman bounds for all

volume fractions.

An alternate approach to determine the effective properties is to employ the
Mori-Tanaka method (see Mori and Tanaka [77]) that relates the average stress in an
inclusion to the average stress in the matrix in multiphase composites. Benveniste [78]
analyzed two-phase materials with anisotropic elastic constituents by reformulating
the Mori-Tanaka method in order to determine the aggregate response. In the
study, the author illustrated that shear and bulk moduli for two-phase composites

were within Hashin-Shtrikman bounds. Along similar lines, Weng [79] analyzed the
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relationship between Hashin-Shtrikman-Walpole (H-S-W) bounds and Mori-Tanaka
(M-T) method for composites. The author investigated multiphase materials with
unidirectionally aligned constituents and observed the following: i) For spherical
inclusions, M-T moduli will always fall within H-S-W bounds when the matrix is
neither the softest nor the hardest phase; ii) For circular fibers, M-T method will
lie within the H-S-W bounds like the spherical case; iii) For thin discs, M-T moduli
will be an exact solution like the H-S-W bounds (upper and lower bounds coincide

as these are independent of the material property).

More recently, Ni and Chiang [80] predicted the effective elastic constants
of two-phase isotropic materials. In their work, the authors used phase-field
microelasticity (PFM) that is based on Eshelby’s effective eigenstrain approach (see
Eshelby [81]) in order to obtain the elastic properties at specific volume fractions (v
= 0.1, 0.2, 0.3, 0.4, 0.5). It was shown that PFM method can be employed only for

lower volume fractions (v < 0.2) to estimate shear and bulk moduli.

An alternate method for studying the effective response of materials is
to implement Hill-Mandel homogenization condition and obtain rigorous bounds
as solutions to scale-dependent stochastic boundary value problems. In this
approach, the microstructure should be spatially statistically homogeneous, ergodic
and macroscopically uniform boundary conditions (Dirichlet and Neumann) are to
be applied so that the effective response is independent of the boundary conditions.
This methodology has been successfully employed by several authors within the
context of elasticity [19) [10] [64], thermal conductivity [11, 146l [47], thermoelasticity
[82, 14, 48, [15], flow in porous media [16] 7], fracture and damage phenomena in
random microstructures [18] and nonlinear elastic and inelastic materials [51), 52].
This framework has been employed by several other authors in order to determine

the effective response of two-phase polycrystals. In particular, Kanit et al. [29]
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analyzed three-dimensional Voronoi mosaic shaped linearly elastic materials in order
to determine the effective properties of two-phase microstructures. In their work,
the authors used several boundary conditions (Dirichlet and Neumann) and obtained
shear and bulk moduli of two-phase materials at a specific volume fraction (v; = 0.7).
The authors also observed that their elastic moduli were within Voigt-Reuss [60, [67]
(upper bound and lower bound) as well as Hashin-Shtrikman bounds. Along similar
lines, Kanit et al. [83] investigated real two-phase microstructures using a digital
representation of their morphology and obtained the effective response. In their
study, the authors analyzed 3D confocal images of polycrystalline ice and polymeric
cream which were phase 1 and phase 2, respectively. Subsequently, the authors
performed numerical simulations using Dirichlet and Neumann boundary conditions
on two-phase microstructures and showed that shear and bulk moduli were within

Voigt-Reuss as well as Hashin-Shtrikman bounds.

Several other authors have also employed the Hill-Mandel homogenization
condition to demonstrate the concept of a scaling function. This function unifies the
treatment of a wide variety of materials by describing the effective response of random
polycrystals through the convergence of Dirichlet and Neumann bounds. Recently,
the scaling function has been studied in 3D elasticity (for individual grains belonging
to any crystal class from cubic to triclinic) [40] and previously in 3D heat conduction
[12], 2D elasticity [9], 2D heat conduction [55], 2D electrical conductivity [I3] and 2D

viscoelasticity [56].

In the subsequent sections, we generate two-phase random polycrystals by
Voronoi tessellations and the microstructures considered in this study have real world
applications. For instance, Ni-Cd is used in batteries [84], Sn-Ag is used for soldering
joints [85], Ni-Cr is employed for strain gauge applications [86] and Ni-Co is used

as a corrosion resistant coating [87]. We then vary the grain sizes (25, 400, 1000,
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5000 grains) at different volume fractions (v; = 0,0.25,0.5,0.75, 1) in order to
obtain rigorous bounds at finite mesoscales as solutions to stochastic boundary value
problems (Dirichlet and Neumann) consistent with the Hill-Mandel homogenization
condition. By analyzing 9250 boundary value problems, it will be demonstrated that
these bounds converge to the effective elastic properties with increasing number of
grains. We also illustrate the notion of an elastic scaling function which depends upon
‘Heterogeneous Anisotropy Index’ and number of grains in the domain. By employing
the scaling function, a material scaling diagram is constructed which can be used to

estimate the number of grains required for homogenization.
5.2 Elastic Scaling Function

In this section, we formulate the elastic scaling function for two-phase
polycrystals and derive its functional form. By employing a similar methodology

as illustrated in chapter 2, we obtain the following

(C5) = (85) = lim (C5) == (S5) + F(CH), €8y, vr 0), (5.1)

where f (C?{), C’(lg), vr, 6) is the non-dimensional elastic scaling function and vy is the
volume fraction of phase 1. Also, C% applies to both C’(i{) (phase 1) and C’g) (phase
2) and represents all single crystal elastic constants as shown in section 3.2. By

substituting Eqs. (2.15)) and (5.1)) into Eq. (2.14), the functional form of the elastic

scaling function can be defined as

. . Gd K4
6t =515+ 5

— 6. (5.2)

The right hand side of Eq. (5.2)) is obtained by setting up and solving stochastic
boundary value problems consistent with the Hill-Mandel condition. Let us now

discuss the homogenization methodology for two-phase polycrystals which can be
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seen in Fig. . The software Neper was used to generate the polycrystals (Ng =
25, 400, 1000, 5000) where each grain has a random orientation. By solving Dirichlet
and Neumann type boundary value problems, scale-dependent bounds on the shear
and bulk moduli of these microstructures can be obtained. In the subsequent section,

the properties and bounds on the scaling function is demonstrated.

Polycrystal Phase 1

v

Phase 2

Figure 15. Homogenization methodology for two-phase elastic polycrystals

5.2.1. Properties and bounds on the elastic scaling function. The
elastic scaling function f (CE{),Cég),vf,é) which is postulated in Eq. 1} has the
following properties

F(CH), Cly 05,6 = 00) =0, (5.3)

where the scaling function is equal to zero at infinite mesoscales. Also, if CZ{) and

Cg) are changed to « C’g) and « C’g) (v is a real number), the scaling function f
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remains the same
f(af C(l),Oé C(Z';),Uf,é) f(0(1)702)7vf76) (54)

Next, the bounds on the elastic scaling function can be seen as follows

F(CHy, CEyvp, 6 = 00) < f(CH), Cly 05, 8') < F(CH), CGy, v5,6)

< f(C(1)7 (2),Uf,5 - ].) \V/1 S 6 S 5/ S Q.

(5.5)

Several forms of the scaling function can now be postulated by identifying the
appropriate parameters of f. In the subsequent section, the notion of ‘Heterogeneous

Anisotropy Index’ is introduced that is a natural consequence of Eq. (5.5)).

5.2.2. Heterogeneous Anisotropy Index. The ‘Heterogeneous Anisotropy
Index’, AY, which is obtained from Eq. (5.5) can be defined as follows

A f(O(1)7 02)7Uf7 o= 1) 0< Uy < ]-7 (563’)

AY = a+bvf+cvjzf,

Gly KY
a=5-@ 4 Ne

Gy K
b5 |Cl, Oy 26|  Khy Kby 2Ky (5.6b)
Goy Gy G| Kg K Kg
.5 |C0 Gl _ G G(2>_ Ky Ky Ky K
Gfy Gf Gfy G| K K& Kf o Kp

and subscripts (1) and (2) represents phase 1 and phase 2, respectively. The index
AY turns out to be a function of 43 variables, 21 independent components for each
phase and the volume fraction of either phase. It can also be seen that, when volume

fraction of phase 1 is zero, we observe the following
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F(C): Cyyvp = 0,6 =1) = a = AR >0, (5.7)

where Ag) is anisotropy of phase 2 only (single phase) and can be represented
by Universal Anisotropy Index, AY, of this phase (see Ranganathan and
Ostoja-Starzewski [22]). Similarly, when volume fraction of phase 1 is one, we

obtain the following
F(CH), Coyvp=1,6=1)=a+b+c=Af) >0, (5.8)

and Aﬁ) is anisotropy of phase 1 which is again a single phase material. Let us now
discuss Fig. which illustrates ‘Heterogeneous Anisotropy Index’ of 4 two-phase

materials (Ni-Cd, Sn-Ag, Ni-Cr, Ni-Co) at different volume fractions.

Q
To)

20 3.0 40

1.0

0.0

Figure 16. Heterogeneous Anisotropy Index (AY) vs. Volume Fraction (vy) for
two-phase materials (Ni-Cd, Sn-Ag, Ni-Cr, Ni-Co)
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We observe for Ni-Cd that AY is similar at v; = 0.25 as well as v; = 0.75
and therefore scaling behavior is expected to be same at these volume fractions (see
Fig. . A similar phenomenon can be seen for Sn-Ag as AY is identical at v; =
0.25 and vy = 0.75. For Ni-Cr, AY decreases from AY, = 1.25 to AY, = 0.14 with an
increase in volume fraction from vy = 0 to vy = 1 (see Fig. . An opposite trend
can be observed in Fig. for Ni-Co as AY increases from AY = 0.2 to AY, = 1.25
with an increase in volume fraction. In the next section, we will obtain mesoscale
constitutive behavior of two-phase random polycrystals by obtaining scale-dependent

bounds as solutions to Dirichlet and Neumann type boundary value problems.
5.3 Results and Discussion

Consider the rigorous bounds on elastic constants of two-phase random
polycrystals at finite mesoscales. These polycrystals are white-noise random fields
as these have no spatial correlations. Also, these microstructures are generated
numerically according to spatially ergodic and WSS properties. In the subsequent
sections, we study 4 two-phase materials at different volume fractions (vy = 0,
0.25, 0.5, 0.75, 1) and perform 9250 numerical simulations in order to illustrate the
scale-dependent bounds on the effective elastic response (shear and bulk moduli). In
doing so, we impose the following loading conditions to solve stochastic boundary

value problems

1) Dirichlet problem:

i) For extracting shear modulus: €9, = &9, = 0.05, €3, = —0.1, &9, = &% = &9, = 0;
ii) For extracting bulk modulus: &%, = &%, = €%, = 0.05, &}, =&, =&, =0;

2) Neumann problem:

iii) For extracting shear modulus:

0 = 09, = 16 GPa, 033 = —32 GPa, 09y = o)y = 09, = 0;

iv) For extracting bulk modulus: 0%, = 09, = 09, = 16 GPa, o, = 0% = 0%, = 0.
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5.3.1.

Bounds on the aggregate response.

We demonstrate

scale-dependent bounds of two-phase materials which are obtained by solving

stochastic boundary value problems (see Figs. & . For all volume fractions,

upper and lower bounds correspond to Voigt and Reuss estimates, respectively.

Fig. illustrates Dirichlet and Neumann bounds on shear and bulk moduli for

Ni-Cd and Sn-Ag. We observe that these bounds approach the effective property as

number of grains increase from 25 to 5000 at all volume fractions (see Fig. [I7).
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Figure 17. Bounds on elastic moduli of Ni-Cd (top) and Sn-Ag (bottom) at various

volume fractions: a) shear modulus (GPa) b) bulk modulus (GPa)
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Likewise, scale-dependent bounds on shear moduli of Ni-Cr and Ni-Co (see
Fig. converge to the aggregate response with an increase in number of grains.
In addition, the bounds on bulk moduli for Ni-Cr are Voigt and Reuss estimates as
Ni and Cr are cubic crystals. Along similar lines, upper and lower bounds on bulk

moduli for Ni-Co correspond to the Voigt and Reuss averages (see Fig. [L8)).
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Figure 18. Bounds on elastic moduli of Ni-Cr (top) and Ni-Co (bottom) at various
volume fractions: a) shear modulus (GPa) b) bulk modulus (GPa)
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Let us discuss scaling behavior of all two-phase materials (Ni-Cd, Sn-Ag,
Ni-Cr, Ni-Co). Fig. illustrates scaling functions at various volume fractions
(v; = 0, 0.25, 0.5, 0.75 and 1) for these microstructures. For Ni-Cd, AY is almost
identical at vy = 0 (AY = 1.22) as well as v; = 1 (AY = 1.25) and therefore scaling
functions are very close to each other (see Figs. & e). Also, at vy = 0.25 (AY
= 3.77) and vy = 0.75 (AY = 3.78), scaling functions remain the same for Ni-Cd as
AY, is identical (see Figs. & d). In addition, scaling function for Ni-Cd at vy =
0.5 can be seen in Fig. ) Let us now consider the scaling functions for Sn-Ag.
At vy =0 (AY = 1.44) and vy = 1 (AY = 1.48), scaling functions are close to each
other as AY is similar (see Figs. & e). Also, at vy = 0.25 (AY = 1.84) and vy
= 0.75 (AY, = 1.85), scaling functions are same for Sn-Ag as AY, is identical (see
Figs. & d). In addition, scaling function for Sn-Ag at vy = 0.5 can be seen in
Fig. ) It is therefore reasonable to state that scaling function depends only on
‘Heterogeneous Anisotropy Index’; AY, and mesoscale, §. By rewriting Eq. , we
obtain the following

Along similar lines, scaling trends for Ni-Cr and Ni-Co are also identical at specific
volume fractions. Figs. & d) show that scaling functions are close to each other
for Ni-Cr at v; = 0.25 and Ni-Co at vy = 0.75 as AY values are 1.07 and 0.98,
respectively. A similar phenomenon can be observed for Ni-Cr at vy = 0.5 (A% =
0.83) and Ni-Co at v; = 0.5 (A}, = 0.72) as AY, values are comparable (see Fig. )
Likewise, scaling functions are similar for Ni-Cr at vy = 0.75 and Ni-Co at vy = 0.25
as AY values are 0.52 and 0.46, respectively (see Figs. & b). In addition, scaling
functions for Ni-Cr and Ni-Co at vy = 0 and vy = 1 can be seen in Fig. (1%) and
Fig. ), respectively. Finally, we can also see that scaling functions are exactly the
same for Ni-Cr at vy = 0 (see Fig. [I9h) as well as Ni-Cd and Ni-Co at vy = 1 (see
Fig. [10k) as AY = 1.25 (anisotropy of single phase Ni).
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In the next section, we demonstrate a specific form of the scaling function for

any two-phase microstructure.
5.4 Constructing the Scaling Function

The functional form of the scaling function is now obtained by rewriting

Eq. (5.5) as follows

1
0< v (A%,0) < 1. (5.10)

Next, we discuss the rescaled scaling function defined in Eq. . It is important
to highlight that the rescaled function is similar for all two-phase materials at various
volume fractions as seen in Fig. . Due to the finite number of realizations used to
obtain ensemble averages in this study, we observe that the curves plotted in Fig.
are arranged in a fusiform structure, but should converge to a single curve in the limit

of an infinite set of realizations.
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The rescaled function, f*, is independent of the ‘Heterogeneous Anisotropy
Index’, AY, and is only a function of the mesoscale, §. It is also worthwhile to
mention that the existence of such a f* is equivalent to stating that f is proportional

to AY.. By redefining the scaling function, the following is obtained

(AR, 0) = AL f(0). (5.11)

Let us now take the average values of f*(4) from Fig. in order to develop the

effective mean rescaled function (obtained through numerical simulations) and curve

fit it (see Fig. 21)).

1 25 1000
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050 0.75 1.00
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Figure 21. Effective Rescaled Scaling Function & Fit for two-phase materials

It is now possible to show the following form of f*(d) which is based on the

effective function and its fit

f(8) = (6)7°%. (5.12)
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By using Eqs. (5.11)) and (5.12)), we obtain the scaling function
f(AG,6) = A (9)°%, 6= (Ng)s. (5.13)

At this stage, we reconstruct the scaling function using Eq. for all two-phase
polycrystals (Ni-Cd, Sn-Ag, Ni-Cr, Ni-Co) at different volume fractions (vy = 0, 0.25,
0.5, 0.75, 1) as shown in Fig. . It is evident from this plot that this formulation
captures the scaling function accurately for all two-phase materials at several volume

fractions.
5.5 Material Scaling Diagram

The power-law form of scaling function given in Eq. is employed in order
to construct contours in (A%, Ng) space as shown in Fig. . For any two-phase
material, the number of grains (N¢) required for homogenization can be obtained by
choosing a value of scaling function within the interval (0.01 < f < 0.23). It is also
clear that the curves shift towards higher grain sizes as scaling function decreases
(from f = 0.23 to f = 0.01) and vice-versa. We have also seen that scaling function
is zero at infinite grain sizes. It is now possible to select a specific value of scaling
function in order to determine the grain sizes required for homogenization. We
illustrate this concept by choosing a finite value of scaling function (f = 0.2) and
develop Fig. for several two-phase materials (Ni-Cd, Sn-Ag, Ni-Cr, Ni-Co) at
various volume fractions (vf = 0, 0.25, 0.5, 0.75, 1). It is observed that, for a
highly anisotropic two-phase material (Ni-Cd with AY = 4.62), homogeneity can be
achieved at Ng = 39835 (§ = 35). Similarly, for Sn-Ag at v; = 0.5 and AY =
1.97, aggregate response can be determined at Ng = 2255 (§ = 14). Finally, for a
two-phase polycrystal with low anisotropy (Ni-Cr with A% = 0.14), the number of

grains required for homogenization is Ng =1 (6 = 1).
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5.6 Summary

In chapter 5, we have illustrated the procedure to obtain scale-dependent
bounds on the elastic response of two-phase random polycrystals by solving Dirichlet
and Neumann type boundary value problems (9250) which are consistent with the
Hill-Mandel homogenization condition. It was also shown that a variety of two-phase
materials at different volume fractions can be studied together in terms of the elastic
scaling function. This form of the scaling function consists of the ‘Heterogeneous
Anisotropy Index, A%’ and the number of grains in the microstructure. It was also
shown that AY, behaves as the Universal Anisotropy Index when the volume fractions
are 0 and 1. Finally, we developed a material scaling diagram for any two-phase
material which can be used for estimating the grain size required for homogenization.
For single and two-phase polycrystals, the functional form of the scaling function has
been established so far in terms of the single crystal properties and the mesoscale.
In the next chapter, we attempt to develop a deeper understanding of the scaling

function by examining analogies with dimensionless numbers.

58

www.manharaa.com




Chapter 6

Scaling Function in Mechanics of Random Materials

Dimensionless numbers play a vital role in the mechanics of continuous media.
Traditionally, dimensionless numbers have been more widely used in fluid mechanics
and heat transfer (e.g. Reynolds Number, Knudsen Number, Peclet Number, Fourier
Number, etc.) when compared to the mechanics of solids. The objective of this
research is to introduce the notion of a dimensionless scaling function and highlight
its importance in the multi-scale scaling behavior of a variety of composite materials
from 2D checkerboard microstructures to 3D polycrystals. It is demonstrated that
the scaling function quantifies the departure of a random heterogeneous medium
from a homogeneous continuum. Furthermore, a generic form of the scaling function
is presented as a function of the phase contrast (k), volume fraction (vs), Universal
Anisotropy Index (AY) and mesoscale (). Application problems include elasticity,

thermal conductivity, electrical conductivity and viscoelasticity{'}
6.1 Introduction

In this study, the notion of a scaling function is introduced that is analogous
to the definition of dimensionless numbers that are widely used in several fields
including fluid mechanics [89], electromagnetism [90], astrophysics [91], medicine
192, 93] 04] and pharmacy [95]. Recently, a combination of dimensionless numbers
such as non-dimensional heat input, Peclet number (ratio of convective to diffusive
transport [96] ), Marangoni number (ratio of surface tension force to viscous force [97])
and Fourier number (ratio of heat transfer by conduction to rate of energy stored
[98]) was used to analyze the structure-property relationship of 3D printed materials

(see Mukherjee et al. [99]). The proposed scaling function stems from the scalar

1See also [88] S. I. Ranganathan and M. R. Murshed, “Scaling function in mechanics of random
materials,” FEncyclopedia of Continuum Mechanics, accepted, 2017

59

www.manaraa.com



contraction of the ensemble averaged tensors obtained using Dirichlet and Neumann
type boundary conditions. In its most generic form, the scaling function depends
upon the phase contrast, volume fraction, material anisotropy and mesoscale. The
scaling function by definition quantifies the departure of a random medium from a
homogeneous continuum. In the subsequent sections, a functional form for the scaling
function will be introduced that is applicable to a wide range of composite materials

(two-phase checkerboards, two-phase correlated microstructures and 3D polycrystals).
6.2 Notion of a Scaling Function

The functional form of the scaling function depends upon the specific
microstructure under investigation. = Within the scope of this research, four
microstructures are considered-i) Uncorrelated random checkerboard (see Fig. 25h);
ii) Correlated two-phase microstructure (see Fig. 25p); iii) two-phase viscoelastic
composite (see Fig. 25¢) and iv) random polycrystal (see Fig. 250).

N
Effective
property (6—>o0)

Mesoscale

p— properties -
Zeeae |
A, »v' ,‘ 8

B R BN

D i N ™
Individual eyt B
Phases o H
T T i, mesipy

Figure 25. Homogenization Methodology: a) Checkerboard microstructure in thermal
conductivity [II, B3], elasticity [9] and electrical conductivity [I3]; b) two-phase
(Al;O3-Ni) microstructure in thermal conductivity [46]; ¢) microstructure of a
viscoelastic material (mixture of asphalt and concrete) [56]; d) polycrystal in 3D
elasticity (color represents random orientation of each grain) [40]
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In order to identify the specific forms of the scaling function, a methodology
based on the Hill-Mandel homogenization condition is employed (see Fig. [25]). These
forms include the dependence of scaling function on phase contrast (f;), volume
fraction (f), anisotropy measure (f3) and mesoscale (f;). Next, the microstructures
are subjected to Dirichlet and Neumann type boundary conditions that result
in rigorous scale-dependent bounds with increasing mesoscales (§). For a given
realization, w(€ €2), the Dirichlet boundary condition results in a mesoscale random
stiffness tensor, C¢ (w), and the Neumann boundary condition results in a mesoscale
random compliance tensor, S§ (w), for linear elastic materials. In the context of heat
or electrical conductivity, C¢ (w) [S¥ (w)] represents the second-rank conductivity
[resistivity] tensors and for viscoelastic materials, they represent the complex modulus
[compliance] tensors, respectively. These tensors are inverse of each other in the limit

0 — oo. The scaling function in its most generic form is defined as follows
f=(Ci):(sp) —(C%): (S%), (6.1)

where the operators : and (e), indicate tensor contraction and ensemble averaging
over the realization space, respectively. It turns out that Eq. (6.1) takes the following

generic form for all microstructures investigated

f=cfi(k) f2(vy) f3(A) f4(0), (6.2)

where c is a constant, k is phase contrast, vy is volume fraction, A is an anisotropy
measure and 0 is mesoscale. In the subsequent sections, the functional form of each

of the terms appearing in Eq. (6.2)) will be discussed.

6.2.1. Effect of phase contrast, k£, on scaling function. The phase

contrast, k, quantifies the mismatch in the material properties of a composite material.
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For a 2D microstructure, k& = <, where ¢; and ¢y correspond to the conductivities
) co?

(thermal or electrical conductivity) for phase 1 and phase 2, respectively. For 3D
polycrystals with uniaxial thermal character, k = £, where ¢; and ¢ correspond

to ratio of the two independent principal conductivities of the single crystal. The

dependence of scaling function on the contrast can now be expressed as follows

fulk) = <\/' - &)2 (6.3)

Fig. illustrates the phase contrasts (k = 0.01, 0.1, 1, 10, 100) for two-phase
checkerboards, two-phase correlated microstructures and 3D polycrystals. It is
evident that the phase contrast has the same effect on scaling function for all
applications. Also, scaling function does not distinguish between k and k~! and,

therefore, microstructures with phase contrasts k or k! scale identically.

6.2.2. Effect of volume fraction, v;, on scaling function. In this section,
the effect of volume fraction, vy (amount of phase 1 in the entire volume) on the scaling
function is examined. Clearly, the volume fraction always ranges between zero and
one (0 <w < 1), with the limiting values representing a homogeneous material. The

following is the dependence of scaling function on the volume fraction

folvp) = vp(1 —vy). (6.4)

Fig. illustrates the effect of volume fraction on fy(vy) for a two-phase
checkerboard in electrical conductivity. It is clear that the scaling function value
is largest [fo(vy) = 0.25] at vy = 0.5. This is due to the fact that at 50% volume
fraction, level of heterogeneity is largest in a given microstructure (see Raghavan et

al. [13]).
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Figure 26.  fi(k) vs. Phase Contrast, k: i) 2D Two Phase Checkerboard
(Thermal Conductivity [55] and Electrical Conductivity [13]); ii) 2D Two Phase
Correlated Microstructure (Thermal Conductivity [46]); iii) 3D Polycrystals (Thermal
Conductivity [12])
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Figure 27. fy(vg) vs. Volume Fraction, vg, in Electrical Conductivity
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6.2.3. Effect of an anisotropy measure, A, on scaling function.
Material anisotropy of the microstructure plays an important role in the definition of
the scaling function. The effect of anisotropy, A, on the scaling function depends upon
the specific microstructure under investigation. For single phase 3D polycrystals, this

dependence is as follows

f3(A) =AY =5—— + — — 6, (6.5)

where AY is the Universal Anisotropy Index [22], G is shear modulus, K is bulk
modulus, V' is Voigt estimate [66], R is Reuss estimate [67]. Along similar lines, for
2D two-phase elastic microstructures, f3(A) takes the following form (see Raghavan
and Ranganathan [9])

GV KV

f3(A) =2—= +

or e 3 (6.6)

More recently, Zhang and Ostoja-Starzewski [56] examined the scaling of 2D

viscoelastic composites and proposed the following form for f3(A)

f3(A) = 2u3p (N I35 (v) + ksp () L5 () — 3, (6.7)

where v is the frequency, u3, is the relaxation shear modulus, J5, is the complex
shear compliance, k3, is the relaxation bulk modulus and L}, is the complex bulk

compliance.

6.2.4. Effect of mesoscale, 0, on scaling function. The mesoscale (0) can

be defined as (see Ranganathan and Ostoja-Starzewski [19])

6= (6.8)

where [ is the length scale of observation (domain size) and d is the characteristic
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length scale (for example the grain size). For 3D polycrystals, § = (Ng)%. Under

limiting values of the mesoscale, §, the scaling function takes an exact form

In addition, the following rigorous bounds on scaling function can be established at

finite mesoscales

fa(d = 00) < f4(0") < fa(0) < fu(6 =1) V1 <0 < ¢ < oo (6.10)

Extensive numerical simulations on a variety of composite materials by several authors
(see Raghavan et al. [I3], Dalaq et al. [55], Kale et al. [46], Ranganathan
and Ostoja-Starzewski [I2], Raghavan and Ranganathan [9], Ranganathan and
Ostoja-Starzewski [19], Murshed and Ranganathan [40], Zhang and Ostoja-Starzewski

[56]) resulted in the following empirical forms for the function f;(J)

f4(8) = exp[B(6 — 1)°], (6.11a)
f1(8) = o7, (6.11b)
f1(0) = D (6.11c)

where B, C, D, e, f, A and n are arbitrary constants relevant to the specific

microstructure being investigated and is discussed in the following section.
6.3 Application Problems

In this section, the functional form of the scaling function is summarized
for a variety of applications. These include Conductivity in 2D two-phase random
and correlated microstructures, Conductivity in 3D polycrystals, Elasticity in 2D

phase checkerboards, Elasticity in 3D polycrystals and Viscoelasticity in 2D
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two-phase checkerboards.

6.3.1. Conductivity in 2D two-phase microstructures. Consider 2D
two-phase microstructures either conducting heat (or electricity) as illustrated in
Fig. & b). One of the microstructure is a random checkerboard and the other
is a gaussian correlated microstructure. In order to establish the functional form of
the scaling function, they were subjected to temperature (electric field) and heat flux
(current density) boundary conditions. The boundary value problems were then set up
and solved over several realizations to extract the mesoscale random conductivity and
resistivity tensors. The procedure was repeated for a variety of material combinations
and subsequently, Eq. was used to establish the following form of the scaling

function (see Dalaq et al. [55], Raghavan et al. [13] and Kale et al. [46])

[ =cfi(k)f2(vs) f3(A) f4(6), (6.12a)

and

c=2,

filk) = (f—jJ,

folvp) = vp(1 —vy),

(6.12b)
f3(A) = ]-7
f4(8) = exp[B(6 — 1)] (random microstructure),
e
fi(0) = ———— (correlated microstructure).

Dalaq et al. [55] studied random checkerboards at 50% volume fractions and
empirically determined the constants B, C' to be -0.53 and 0.69, respectively. In
a subsequent study, Raghavan et al. [13] accounted for all volume fractions and
proposed B = -0.73 and C' = 0.50. In a more recent study, Kale et al. [46] analyzed

a two-phase Gaussian correlated microstucture (Al;O3-Ni) which was generated by
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using an appropriate threshold for the desired volume fraction on a continuous
Gaussian correlated random field. The authors obtained the following constants:

e=23.70, f =190, A =1and n = 1.23.

6.3.2. Conductivity in 3D polycrystals. The microstructure used for
determining thermal conductivity in 3D polycrystals is similar to Fig. ), albeit
with cubic shaped grains. By applying temperature and heat flux boundary conditions
on the polycrystal, and by employing a similar procedure as described in section
6.3.1., results in the functional form for the scaling function (see Ranganathan and

Ostoja-Starzewski [12])

f = cfi(k) fa(vy) f3(A) fa(9), (6.13a)
and
K
c=3,
1 2
fi(k) = (f— ﬂ) ,
o) =1, (6.13b)
f3(A) =1,

f4(8) = exp[—0.91(5 — 1)%].

6.3.3. Elasticity in 2D two-phase checkerboards. A two-phase random
checkerboard is illustrated in Fig. ) Much of the numerical procedure remains
the same as described in section 6.3.1. The main difference is that the temperature
and heat flux boundary conditions are replaced with the displacement and traction
boundary conditions, respectively. The resulting mesoscale random stiffness and
compliance tensors turn out to be tensors of rank four unlike the second rank
conductivity (or resistivity) tensor. Based on extensive numerical simulations, the

scaling function takes the following form (see Raghavan and Ranganathan [9])
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f = Cfl(lf)fg(’l}f)f3(A)f4((5), (614&)

and

falvg) = 1, (6.14b)

f4(6) = exp[—0.58(6 — 1)44].

6.3.4. Elasticity in 3D polycrystals. Consider 3D random polycrystals as
shown in Fig. ) Microstructures using Voronoi tessellations were generated in the
software Neper [33] by Murshed and Ranganathan [40], whereas Ranganathan and
Ostoja-Starzewski [19] considered cubic shaped grains. Employing a similar procedure

as described in section 6.3.3., results in the following form for the scaling function

[ =cfi(k)f2(vy) f3(A) f1(6), (6.15a)
and
c=1,
fl(k) =1,
falor) =1 (6.15b)
v 1% .
fz(A):AU:5%+%—6,
f4(8) = exp[—0.77(6 — 1)°5°],
f4(5) — 5—0.89‘

A stretched exponential form was obtained for f;(d) by Ranganathan and
Ostoja-Starzewski [I9] who considered only crystals belonging to cubic symmetry.

However, Murshed and Ranganathan [40] conducted simulations on all crystal classes
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(from cubic to triclinic) and proposed a power-law relation for f;(d).

6.3.5. Viscoelasticity in 2D two-phase checkerboards. The viscoelastic
composite material considered is shown in Fig. ) These microstructures were
subjected to displacement and traction boundary conditions. Subsequently, the
boundary value problems were set up and solved over several realizations in order
to extract the mesoscale random complex modulus and complex compliance tensors.

The following form of the scaling function was then determined (see Zhang and

Ostoja-Starzewski [56])

f=cfi(k) f2(vy) f3(A) f4(0), (6.16a)
and
c=1,
fi(k) =1,
folvg) = 1. (6.16b)

f3(A) = f3(A) = 2055 (V) I35 () + k3p (V) L35 () — 3,

f4(8) = exp[—0.45(5 — 1)°9°].

The scaling functions for all the materials considered are summarized in

Fig. . Clearly, it can be seen that the scaling function approaches zero with

increasing mesoscales.
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Figure 28.  f4(6) vs.  Mesoscale, §, for several applications: a) Electrical
Conductivity (2D Two Phase Checkerboard) [13]; b) Thermal Conductivity (2D
Two Phase Checkerboard) [55]; ¢) Thermal Conductivity (2D Two Phase Correlated
Microstructure) [46]; d) Thermal Conductivity (3D Polycrystals) [12]; e) Elasticity
(2D Two Phase Checkerboard) [9]; f) Elasticity (3D Polycrystals) [19]; g) Elasticity
(3D Polycrystals) [40]; h) Viscoelasticity (2D Two Phase Checkerboard) [56]

6.4 Summary

Dimensionless numbers play an important role in a variety of problems in
physics and engineering. In this context, the concept of a scaling function is
introduced and its generic form is proposed based on the studies of a variety of
composites. The extent of heterogeneity (phase contrast, volume fraction) and
anisotropy in the microstructure contributes significantly to the scaling function.
The scaling function also strongly depends on the mesoscale, with good curve-fitting
models obtained on the basis of extensive numerical simulations. The scaling
function essentially quantifies the departure of a random medium from a homogeneous

continuuin.
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Chapter 7

Conclusions and Future Research Directions

In this dissertation, we developed unifying scaling laws that describe the
response of single and two-phase random polycrystals with individual grains belonging

to arbitrary crystal class (from cubic to triclinic).

In chapter 2, a mathematical formulation was developed for the elastic scaling
function and the theory for obtaining rigorous scale-dependent bounds was discussed.
We also illustrated the methodology for solving Dirichlet and Neumann type boundary

value problems.

Subsequently, scale-dependent bounds on the elastic response of single phase
polycrystals were obtained in chapter 3. Some important properties of the elastic
scaling function was then discussed and we derived its power-law form by numerical
simulations. This specific form of the scaling function was determined in terms of
the Universal Anisotropy Index, AY, and the mesoscale, §. By selecting a finite value
of the scaling function, a material scaling diagram was constructed using which the

grain size required for homogenization can be estimated.

Next, we considered polycrystalline materials with highly anisotropic single
crystals belonging to lower symmetry class. A versatile methodology based on the
Hill-Mandel homogenization condition and variational principles in elasiticity was
highlighted in chapter 4. This framework was employed to obtain tighter bounds on
monoclinic and triclinic materials as compared to all other methods proposed in the

literature.

In Chapter 5, we extended the concept of an elastic scaling function to
study the mesoscale constitutive response of two-phase polycrystals. In doing so,
we introduced the notion of a ‘Heterogeneous Anisotropy Index, A%’ and examined

its role on_the finite-size scaling of material properties. It turns out that AY is
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a function of 43 variables and it behaves as AY under certain limiting conditions
(volume fractions 0 and 1). Subsequently, the power-law form of the scaling function
was obtained in terms of AY, and 6. Based on the scaling function, a material scaling
diagram was developed which captures the convergence to the effective properties for

any two-phase material.

After developing the functional form of the scaling function for single and
two-phase polycrystals, the analogy of scaling function to dimensionless numbers was
established in chapter 6. A generic form of the scaling function was proposed based on
the studies of a variety of composite materials. It was demonstrated that the scaling
function depends upon heterogeneity (phase contrast, volume fraction) and material
anisotropy in the microstructure. Also, the mesoscale plays a fundamental role in
the definition of the scaling function. In essence, the scaling function quantifies the

departure of a random medium from a homogeneous continuum.

On a final note, the concepts demonstrated in this dissertation can be
extended to other applications including electrical conduction, electrostatics, elastic
wave propagation, piezoelectricity, magnetostatics and diffusion. Also, we have
analyzed only two of the three boundary conditions that stem from the Hill-Mandel
condition. One can also analyze the elastic response of materials subjected to the
mixed-orthogonal boundary condition. In this study, we have only considered single
and two-phase materials which can be extended to include microstructures with
multiple (more than two) phases. Further, an alternate approach to the current
work is to perform multiscale analysis using machine learning (see Koutsourelakis
[T00]). This approach has been investigated in applications including quantum physics
[101] and quantum chemistry [L02]. In fact, such topics are of great importance for
analyzing the scaling behavior of composite materials. However, they are beyond the

scope of this dissertation.
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